UNIT-III

INTRODUCTION:

In our study of static fields so far, we have observed that static electric fields are produced by
electric charges, static magnetic fields are produced by charges in motion or by steady current.
Further, static electric field is a conservative field and has no curl, the static magnetic field is
continuous and its divergence is zero. The fundamental relationships for static electric fields

among the field quantities can be summarized as:

TxE=0 (1)
VD8 @
For a linear and isotropic medium,
B-:F g
Similarly for the magnetostatic case
VE=0 (4)
TxH =7 (5)
TxH=J (6)

It can be seen that for static case, the electric field vectors £ and £’ and magnetic field

—

vectors £ and & form separate pairs.

In this chapter we will consider the time varying scenario. In the time varying case we
will observe that a changing magnetic field will produce a changing electric field and vice versa.

We begin our discussion with Faraday's Law of electromagnetic induction and then
present the Maxwell's equations which form the foundation for the electromagnetic theory.
Faraday's Law of electromagnetic Induction

Michael Faraday, in 1831 discovered experimentally that a current was induced in a
conducting loop when the magnetic flux linking the loop changed. In terms of fields, we can say
that a time varying magnetic field produces an electromotive force (emf) which causes a current
in a closed circuit. The quantitative relation between the induced emf (the voltage that arises
from conductors moving in a magnetic field or from changing magnetic fields) and the rate of

change of flux linkage developed based on experimental observation is known as Faraday's law.
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Mathematically, the induced emf can be written as Emf= &  Volts

(7)
where @ is the flux linkage over the closed path.

dg
Anonzero @  may result due to any of the following:
(a) time changing flux linkage a stationary closed path.

(b) relative motion between a steady flux a closed path.

(c) a combination of the above two cases.

The negative sign in equation (7) was introduced by Lenz in order to comply with the
polarity of the induced emf. The negative sign implies that the induced emf will cause a current
flow in the closed loop in such a direction so as to oppose the change in the linking magnetic
flux which produces it. (It may be noted that as far as the induced emf is concerned, the closed
path forming a loop does not necessarily have to be conductive).

If the closed path is in the form of N tightly wound turns of a coil, the change in the
magnetic flux linking the coil induces an emf in each turn of the coil and total emf is the sum of
the induced emfs of the individual turns, i.e.,
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Emf = dt Volts (8)

By defining the total flux linkage as
A=Ng
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The emf can be written as
dA
Emf= dt (10)
Continuing with equation (3), over a closed contour 'C' we can write
Emf = §.Ea (11)

where £ is the induced electric field on the conductor to sustain the

current. Further, total flux enclosed by the contour 'C ' is given by



¢ = F..:f's" .

Where S is the surface for which 'C' is the contour.

From (11) and using (12) in (3) we can write

§,EdT=-2g Bds



(13)
By applying stokes theorem

[ VX Eds= [ 98 4
5 5 aﬁ (14)
Therefore, we can write
K¥ E =— E
it (15)
which is the Faraday's law in the point form
g

We have said that non zero @ can be produced in a several ways. One particular case is when a
time varying flux linking a stationary closed path induces an emf. The emf induced in a

stationary closed path by a time varying magnetic field is called a transformer emf .
Motional EMF:

Let us consider a conductor moving in a steady magnetic field as shown in the fig 2.
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Fig 2

If a charge Q moves in a magnetic field £ | it experiences a force

(16)

This force will cause the electrons in the conductor to drift towards one end and leave the other



end positively charged, thus creating a field and charge separation continuous until electric and
magnetic forces balance and an equilibrium is reached very quickly, the net force on the moving

conductor is zero.
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can be interpreted as an induced electric field which is called the motional electric
field
Em = 'l_;X E (17)
If the moving conductor is a part of the closed circuit C, the generated emf around the circuit is

$ vxBdi _ ,
g . This emf is called the motional emf.
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Inconsistency of amperes law

Ampere's circuit law states that the line integral of tangential component
ol TT around a cloged path iz same as the net current Tene enclosed by the
path.

1.

[Hadi=1,
By applying stoke's theorsm,
IH.d.fberr:-:}me.-: J- J s
o Therefore, ﬂ:}c H=J0 (314}

This 1z true in case of static EM fields.

But in case ol time-varying ficlds, the above Ampere’s law shows same
mconsistency.

The inconsistency of ampere law for time varying ficlds is shown in two cases

1. Forstatic EM ficlds, we have

At =J
Applying divergence on both sides, we pet,

ﬂ..{ﬂ}(H:l =AJ

Bt divergence of curl of a vector feld is always zero,
Therefore,

A{A=H)=0=A

The contimuity of current sguation 1s given by

AT ___*ﬂ?-
et

Where J = Current density

= Charge density

]
n

For static fields, mo curremt is produced, therefore, ¢ =0 = AJ=0
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Imiplics eq. 3,15 is satisficd but for time varyving ficlds, current s produced
and therefore,

_d,'gv

AJ=
at

4o (3.16)

Eq. 13.15) and eq. (3.16) are contradicting each other.

This is an inconsistency of ampere’s law and the Ampere’s law must be
modilied for time varying fields.

2. Consider the typical example of where the surface passes between the
capacitor plates.

The hgure 5 shown below.

i {E

Fig 1.2 (o) Two sprisges ol indegrorion which explain the Ingengigiency of Ampere's lamw

In fig 3.3(a),

Based on Ampere’s circuit law we get Agure

fordt = (rds=1, =1 (3.17)
i 4,
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In fig 3.3(b), based the ampere’s circuit law, we get,

[H.dl = [1ds=1, =0 (3.18)
L 3,

Because no conduction current flows through 3,

e IO

m both {a) and (b). same closed path is used, but equations 3.17 and 3.18
are different,

This is an inconsistency of Ampere’s circuit law.

This inconsistency of Ampere's circuit law n both cases (1) and (2) can
be resolved by meluding displacement current in Ampere's circuit law,

substituting n (3,19, we get,

th=J+£ (3.21)
dt

This is the Maxwell equation (based on ampere's circuit Law) for tiem
varying fields.

In equation (3.21),
J, = Displacement current density
J = Conduction current density,

The conduction current density J invalves Dow of charges. The
displacement current density J, doees not involve flow of charges.
Displacement current,

I, = [gd.ds = j%.ds (3.22)
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Displacement Corrent Density:
The equation
A i = S For static EM fields is modified to Modified to

AxH =J +J, (3.19)

To make the Ampere’s law compatible for varying fields.
Mow, applving divergence, we get
AlAxH)=0=AJ+AJ,

dae
A - =T
“ eli

From Gauss Law, we bave

e =AD
Therefore,
A, - d(a.n) _pdD
dt

(3.20
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Concept of displacementcurrent
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Figure 3.4; circuit for deferming displacement current

Congider the circuit of fig 3.4 in which & battery iz connected 1o a slide
wire on which is a sliding contact ¢,

Paints a and ¢ are connected through ammeters 4 and A, 0 a capacitance
¢ with dielectric of permiftiviy E.

With the capacitance ¢, no current actually flows between the plates,
although the electric field between the plates is increasing,

The actual phenomena that 1= happening 1= that the dielectric between the
capacitor plates are exactly the same, if a current 1, called by Maxwell, the
displacement current were really flowing between the plates.

Henge the displacement current is seemed to {low, only when the electric
field in the dielectric is changing.

The dizplacement current 18 really intended every time the current through
2 capacitance ¢ 1s given by
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;= o
Assume ¢ 15 a parallel-plate capacitor,

C=% Farads where % = surface arca

iﬂ. _Eﬂ}j‘
a

=£% 'ﬂr;;}s

= E%E Where E is electric field

; dl
=}}’;;—=?.S

. dD
iy =I.E Pﬁ]’l"}

Therefore,

Displacement current {, — ?.S Amp
t

Dizplacement current in parallel-plate capacitor iz same as conduction
current in the connecting wires,

Proof is given below:

Lt the emf of a paralle]l plate capacitor along closed path 15,
e, = Vasin an

Let us congider negligible resistance in loop,

= = weVo cosox
©. The conduction current,

Wiy

= Vo cos

Mow,



%r:l -II
sin ax |
o h

o Displacement current J, is given by

el 5

R ..l
£t

; iy, .
> F,=w—Focosax
i

Therefore. displacement current equals the conduction current,

Maxwell's Equation

Equation (5.1) and (5.2) gives the relationship among the field quantities in the static field. For

time varying case, the relationship among the field vectors written as

VE=0 4)

In addition, from the principle of conservation of charges we get the equation of continuity

vi--92
at

The equation must be consistent with equation of continuity

We observe that

VUXH=0=V.J (5

Since ¥ *4 is zero for any vector <

go

— = =10
Thus ¥ *# =J applies only for the static case i.e., for the scenario when &
A classic example for this is given below .



Suppose we are in the process of charging up a capacitor as shown in fig 3.

Balloon shaped Amperian Loop

surfnee /
; : I

Fig 3
Let us apply the Ampere's Law for the Amperian loop shown in fig 3. Ienc = I is the total current
passing through the loop. But if we draw a baloon shaped surface as in fig 5.3, no current passes
through this surface and hence Ienc = 0. But for non steady currents such as this one, the concept
of current enclosed by a loop is ill-defined since it depends on what surface you use. In fact
Ampere's Law should also hold true for time varying case as well, then comes the idea of
displacement current which will be introduced in the next few slides.

We can write for time varying case,

7 (wﬁ) _o=vF+ 2P

el
- 4

=%.J +8—?D —
¢ =iy L_f ¥ @)

s

................ (2)
vxF -7+
gt (3)

The equation (3) is valid for static as well as for time varying case.Equation (3) indicates that a
a0
time varying electric field will give rise to a magnetic field even in the absence of The term 2

2
R
has a dimension of current densities ( :I and is called the displacement current density.
an

Introduction of &  in ¥*H  equation is one of the major contributions of Jame's Clerk
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Maxwell. The modified set of equations

3B

TXE =-__
k@



Maxwell. The modified set of eauations

vxH=F+22
ot (5)
V= o 6)
?.§= 0 (7)

is known as the Maxwell's equation and this set of equations apply in the time varying scenario,

=
[—— [:I
static fields are being a particular case [a‘f
In the integral form

J‘VT.D.:I’v = ?SD..:I’S = vadv (10)

E]SB.Q?S=D (11)

The modification of Ampere's law by Maxwell has led to the development of a unified
electromagnetic field theory. By introducing the displacement current term, Maxwell could

predict the propagation of EM waves. Existence of EM waves was later demonstrated by Hertz

experimentally which led to the new era of radio communication.



Boundary Conditions for Electromagnetic fields

The differential forms of Maxwell's equations are used to solve for the field vectors provided the
field quantities are single valued, bounded and continuous. At the media boundaries, the field
vectors are discontinuous and their behaviors across the boundaries are governed by boundary
conditions. The integral equations(eqn 5.26) are assumed to hold for regions containing
discontinuous media.Boundary conditions can be derived by applying the Maxwell's equations in
the integral form to small regions at the interface of the two media. The procedure is similar to
those used for obtaining boundary conditions for static electric fields (chapter 2) and static
magnetic fields (chapter 4). The boundary conditions are summarized as follows

With reference to fig 5.3

(5 -B)=0 5276)
o (BB 520
oB-B)l 576
o (5-B)-0 ilt

R_C'\_lilc'“ 2

Fig 5.4
We can says that tangential component of electric field is continuous across the interface while
from 5.27 (c) we note that tangential component of the magnetic field is discontinuous by an

amount equal to the surface current density. Similarly 5 states that normal component of electric

flux density vector £'is discontinuous across the interface by an amount equal to the surface

current density while normal component of the magnetic flux density is continuous.

If one side of the interface, as shown in fig 5.4, is a perfect electric conductor, say region 2, a
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surface current can exist even though £ is zero as & =

Thus eqn 5 reduces to
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